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LOJASIEWICZ-TYPE INEQUALITIES WITH EXPLICIT EXPONENTS 
FOR THE LARGEST EIGENVALUE FUNCTION OF REAL SYMMETRIC 

POLYNOMIAL MATRICES 

si TIEP DINHt AND TIEN SON PHAMt 


Abstract. Let F{x) := be a real symmetric polynomial matrix of order 

p and let f{x) be the largest eigenvalue function of the matrix F{x). We denote by d°f{x) 
the Clarke subdifferential of / at x. In this paper, we first give the following nonsmooth 
version of Lojasiewicz gradient inequality for the function / with an explicit exponent: For 
any x G K" there exist c > 0 and e > 0 such that we have for all ||a: — a:|| < e, 

inf{||ri;|| : wGd°f{x)} > c \f{x) — ^ 

where d := maxi_j=i^,,,^p degand is a function introduced by D’Acunto and Kurdyka: 
t%(ri,d) := d{3d — 3)"“^ if d > 2 and t%{n,d) := 1 if d = 1. Then we establish some local 
and global versions of Lojasiewicz inequalities which bound the distance function to the set 
{x € K" : f{x) < 0} by some exponents of the function [/(x)]+ := max{/(x),0}. 

1. Introduction 

Given an extend real-valued lower seniicontinuous function / : M” —)■ MU{-|-cxo} and a set 
A C M”, consider the set S given by the following inequality 

f{x) <0, X G A. (1) 

Let X G A be such that /(x) > 0. In general, it is hard to answer the following questions: 
Based on the value of / at x, how close is x to S7 In other words, if /(x) is small, whenever 
is X a good approximation of a point in S, i.e., the distance from x to S' is small? However, 
in many cases, these questions can be answered by bounding the distance to S by some 
exponents of the function [/(x)]+ := max{/(x),0}. In this paper, when A is compact, we 
are interested in Lojasiewicz-type inequalities of the following forms 

cdist(x,S') < [/(x)]“ for all x G A, (2) 
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cdist(x, S') < [/(x)]" + [f{x)]^ for all x G M", (3) 

where c > 0 is a constant, a > 0, /3 > 0 are some constants to be determined and dist(a:, S) 
is the Euclidean distance from x to S. 

Let E := {x G M” : f{x) = 0}. When the function / is real analytic, the existence of 
inequality ([2]) can be deduced easily from the following (classical) Lojasiewicz inequality by 
noting that dist(x, V) = dist(x, S) for /(x) > 0. 

Theorem 1.1 (see [TTl[26],[271 [28] ). Assume that ^ 0 and let K he a compact subset 

in M”. Then there exist c > 0 and a > 0 such that 


cdist(x, 1/)" < |/(x)|, for x E K. 


When K is not compact, inequality ([2|) does not hold in general. However, when K is 
dehned by a system of polynomial inequalities K ;= {/i(x) > 0,..., /p(x) > 0}, under some 
assumptions of non-degeneracy at inhnity, the authors of [16| (for p = 1) and of [12| proved 
the existence of inequality dSj) where /(x) := maxj=i_,,, p/j(x) and c,a,f3 are some positive 
constants. Moreover, the exponents a, jd are determined explicitly. 

In this paper, we restrain to the case that / is the largest eigenvalue function of a symmet¬ 
ric polynomial matrix. Sensitivity results on eigenvalue functions are important in view of 
applications. Largest eigenvalue or matrix norm minimization arises in control theory, struc¬ 
tural and combinatorial optimization, graph theory, stability analysis of dynamic systems 
etc. We invite the reader to the survey [25] for more details. 

Here and in the following, is a function dehned by: 


d) 


d{3d-3)^-^ ifd>2, 
1 if d = 1, 


( 4 ) 


for any positive integers n and d. Let B"(x, r) denote the closed ball of radius r centered at 
X , let B" and be the closed unit ball and the unit sphere, respectively. For each real 
number r, we put [r]_|_ := max{r, 0}. We denote by the set of real symmetric matrices of 
order p. We write A ^ 0 (resp., H ^ 0) if H G is positive (resp., negative) semidehnite. 
The trace of a symmetric matrix A E is denoted by tr(H). 

The hrst main result of the paper is a nonsmooth version of Lojasiewicz gradient inequality 
for the largest eigenvalue function with an explicit exponent, which is an important tool to 
prove the existence of ([2]). The estimation of the exponent is based on the estimation 
of Lojasiewicz exponent in the Lojasiewicz gradient inequality for polynomials given by 
D’Acunto and Kurdyka in [1]. Now with the dehnitions in the next section, the hrst main 
contribution of this paper is the following. 


Theorem 1.2. Let F: M”' —)■ S^, x i—)■ F{x) = {fij{x))ij=i^,,,^p, be a symmetric polynomial 
matrix of order p. Let /(x) he the largest eigenvalue function and d := maxjj=i^,,,^p deg/y. 
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Then for any x G M”, there exist c > 0 and e > 0 such that we have for all x G e), 
inf{||t(;|| : wed°f{x)} > c\f{x) — /(x)|^“^(2"+p("+i)-'*+3) . 

In particular, 

m./(x) > c \f{x) — for all a:GB”(x,e), (6) 

where xrif is the nonsmooth slope of f fDefinition \2.3\) . 

As applications, we prove a local Lojasiewicz-type inequality iTheorem 14.11) and a version 
of separation of semialgebraic sets with explicit exponents iProposition 14.11) . 

In global context, we give two versions of global Lojasiewicz-type inequalities with explicit 
exponents, one is obtained by modifying the left side of ([2]) by dividing this side by an explicit 
function which is big “at inhnity” 1 Corollary 15.2p . the other takes the form of ([3]). Precisely, 
inspired by [20] and [21], we introduce a new condition of non-degeneracy at infinity for 
symmetric polynomial matrices under which, we study global Lojasiewicz-type inequality of 
the type ([3]) where / is the largest eigenvalue function of a symmetric polynomial matrix. 

Theorem 1.3. Let F: M”' —)■ S'p, x i—)■ F{x) = (/p(x))jj=i^,,,^p, he a symmetric polynomial 
matrix of order p such that Sp '■= {x G M"' : F{x) ^ 0} 7^ 0. Suppose that F is non¬ 
degenerate at infinity, fa is convenient, and that P(/ij) F P(/jj) for i, j = 1,... ,p. Let f{x) 
be the largest eigenvalue function. Then there exists a constant c > 0 such that 

cdist{x, Sf) < + [f{x)]+ for all x G M”, 

where d := maxjj=i^...^p deg/jj. 

The paper is structured as follows. Section [2| presents some backgrounds in semi-algebraic 
geometry, sub differentials, nonsmooth slope and Newton polyhedra. Theorem 11.21 is proved 
in Section (3] Sections H] and [5] present some consequences of Theorem 11.21 The proof of 
Theorem 11.31 is given in Section (6] 


2. Preliminaries 

2.1. Semi-algebraic geometry. In this subsection, we recall some notions and results of 
semi-algebraic geometry, which can be found in [2l[3lH] 113] . 

Definition 2.1. (i) A subset of is called semi-algehraic if it is a finite union of sets 

of the form 

{x G M” : fi{x) = 0,i = 1,... ,k] fi{x) > 0,i = k+ 1,... ,p} 
where all fi are polynomials. 

(ii) Let A C M”' and F C be semi-algebraic sets. A map F: A ^ B is said to be 
semi-algehraic if its graph 

{{x,y) eAxB : y = F(x)} 
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is a semi-algebraic subset in M” x 

A major fact concerning the class of semi-algebraic sets is its stability under linear pro¬ 
jections (see [361 l38l [39] j. 

Theorem 2.1 (Tarski-Seidenberg Theorem). The image of a semi-algebraic set by a semi- 
algebraic map is semi-algebraic. 

We list below some basic properties of semi-algebraic sets and functions. 

(i) The class of semi-algebraic sets is closed with respect to Boolean operators; a Carte¬ 
sian product of semi-algebraic sets is a semi-algebraic set; 

(ii) The closure and the interior of semi-algebraic sets are semi-algebraic sets; 

(iii) A composition of semi-algebraic maps is a semi-algebraic map; 

(iv) If iS is a semi-algebraic set, then the distance function 

dist(-, S'): R"" ^ M, x i-^ dist(x, S') := inf{||x — a|| : a G S'}, 
is also semi-algebraic. 

Now we give a version of Curve Selection Lemma which will be used in the proof of 
Theorem 11.31 For more details, see [30l [32] and see [10] for a complete proof. 

Lemma 2.1 (Curve Selection Lemma at inhnity). Let A be a semi-algebraic set, and 

let F := (/i,..., /p): R” —)■ R^ be a semi-algebraic map. Assume that there exists a seguence 
G A such that hmfc_j.oo |la^^|| = oo and linifc^oo F{x^) = ?/ G (R)^, where R := R U {±cxo}. 
Then there exists a smooth semi-algebraic curve p: (0,e) —)■ R"' such that ip{t) G A for all 
t G (0,e),limi^o ||</^(^)|| = oo, and F{(p{t)) = y. 

The following Growth Dichotomy Lemma is also useful in the proof of Theorem 11.31 (see, 

e.g., mm)- 

Lemma 2.2 (Growth Dichotomy Lemma). Let f: (0,e) —)■ R be a semi-algebraic function 
with fit) 7 ^ 0 for all t G (0, e). Then there exist some constants c 7 ^ 0 and g G Q such that 
fit) = cF oiF) as t ^ 0+. 

To end this part, let us recall the following Lojasiewicz gradient inequality with an explicit 
exponent which will be used in the proof of Theorem 11.21 

Theorem 2.2 (see P)- Let f: R"" —)■ R 6 e a polynomial function of degree d. Assume that 
fix) = 0. Then there are some positive constants c and e such that 

||V/(x)|| > c |/(x)|^~^("'‘^) for all ||x — x|| < e, 

where Min, d) is defined by 
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2.2. Subdifferentials and nonsmooth slope. We first recall some notions of subdiffer¬ 
ential, which are crucial for our considerations. For nonsmooth analysis we refer to the 
comprehensive texts PEiiias]. 


Definition 2.2. Let /: M"’ —)■ M be a continuous function. For any x G 

(i) The Frechet subdifferential df{x) of / at x G M"': 


let us define 


df{x) := < n G 


f(^ + h)- f(x)-{v,h) 

||/i||-j.O, h^O 


(ii) The limiting subdifferential df{x) of / at x is the set of all cluster points of sequences 
{v’^}k>i such that G (9/(x^) and (x*^,/(x^)) —)■ (x,/(x)) as fc —)■ oo. 

(iii) Assume that / is locally Lipschitz. By Rademacher’s theorem, / has at almost all 
points X G M"' a gradient, which we denote V/(x). Then the Clarke subdifferential 
d°f{x) of / at X is dehned by 


d°f{x) := co{lim V/(x^) : x^ ^ x}. 


where co(A) stands for the convex hull of a set A. 


Remark 2.1. (i) It is a well-known result of variational analysis that df{x) (and a 

fortiori df{x) and d°f{x)) is not empty in a dense subset of the domain of / (see 
e.g., [35]). 

(ii) From the above definitions, it follows clearly that for all x G M”, one has 

a/(x) C df{x). 

(iii) If / is differentiable around x, then we have 

d°f{x) = df{x) = {V/(x)}. 

(iv) If / is locally Lipschitz, the valued-set mapping M"' 'EF,x i-4 d°/(x), is bounded 
on compact subsets of M" and d° f{x) = c6df{x) (see e.g., [HI Theorem 2]). 


Definition 2.3. Using the limiting subdifferential df, we define the nonsmooth slope of / 
by 

m/(x) ;= inf{||tx|| : ujedf{x)}. 

By dehnition, m/(x) = -|-oo whenever df{x) = 0. 

Remark 2.2. By Tarski-Seidenberg Theorem 12.11 it is not hard to show that if the function 
/ is semi-algebraic then so is m/. 


The following lemma is crucial in the proof of our results since it permits to describe the 
Clarke sub differential of the largest eigenvalue function. 

Lemma 2.3. Let F: M"' —)■ x i—)■ F(x) = (/ij(x))jj=i^...^p, be a symmetric polynomial 
matrix of order p and let /(x) be the largest eigenvalue of the matrix F{x). Then the following 
statements hold 


5 





(i) /(x) = max||^||=i(F(x)w, x) for all x G M". 

(ii) The function f: M” —)■ M, x fix), is locally Lipschitz. 

(iii) The Clarke subdifferential d°f{x) at x is given by 

co| V 3 ;(F(x)x, x) : V is a unit eigenvector corresponding to /(x)|. 

More precisely, we have 

r r 

d°f{x) = I ^ AiV 3 ;(F(x)x',x') : r<n + l, ^Ai = l, A; > 0, 

1=1 1=1 

v^,... ,v^ are unit eigenvectors corresponding to /(x)|. 

Proof, (i) is straightforward, and (ii) is a direct consequence of (i) and [H Theorem 2.1] (see 
also P [221 SO]). 

(iii) The hrst statement is an immediate consequence of P Theorem 2.1]. The second 
follows form the hrst and Caratheodory’s theorem [7] which says that if a point 2 belongs to 
the convex hull co(v4) of a set A C M", then 2 ; G co{B) for some B <Z A and card(i?) < n +1, 
where card(i?) denotes the cardinal of B. □ 

2.3. Newton polyhedra. In many problems, the combinatorial information of polynomial 
maps are important and can be found in their Newton polyhedra. In this subsection, we 
recall the dehnition of Newton polyhedra. 

Let us begin with some notations which will be used throughout this work. We consider 
a hxed coordinate system xi,..., x„ G M”. Let J C {1,..., n}, then we dehne 

:= {x G M" : Xj = 0, for all j ^ J}. 

We denote by R>o the set of non-negative real numbers. We also set Z>o := M>o H Z. 
If K = (ki, ..., Kn) G denote by x^ the monomial xf ■ ■ ■ xf^ and by |fi:| the sum 

+ ■ ■ ■ + Kn- 

Definition 2.4. A subset T C M>o t)e a Newton polyhedron at infinity, if there 

exists some hnite subset A C Z>g such that T is equal to the convex hull in M” of AU{0}. Then 
we say that T is the Newton polyhedron at inhnity determined by A and we write T = r(A). 
We say that a Newton polyhedron at inhnity T C M>q is convenient if it intersects each 
coordinate axis at a point different from the origin, that is, if for any s G {1,..., n} there 
exists some integer rUg > 0 such that mges G T, where {ei,..., e„} denotes the canonical 
basis in M”. 

Given a Newton polyhedron at inhnity T C M>o ^ vector G M”, we dehne 

d(g,r) := min{(g,«;) : k G T}, 

A(g,r) := {kGT : {q, k) = diq,V)}. 
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We say that a subset A of F is a face of F if there exists a vector g G M"" such that 
A = A(g, F). The dimension of a face A is defined as the minimum of the dimensions of the 
affine subspaces containing A. The faces of F of dimension 0 are called the vertices of F. We 
denote by Fqo the set of the faces of F which do not contain the origin 0 in M". 

Remark 2.3. By definition, for each face A of Fqo there exists a vector q = {qi,, qn) G M” 
with minj^i ^qj < 0 such that A = A(g,F). 

Let Fi,..., Fp be a collection of p Newton polyhedra at infinity in M>q, for some p > 1. 
The Minkowski sum of Fi,..., Fp is dehned as the set 

Fi + ■ ■ ■ + Fp = + ■ ■ ■ + : /€* G Fj, for alH = 1,... ,p}. 

By dehnition, Fi + ■ ■ ■ + Fp is again a Newton polyhedron at inhnity. Moreover, by applying 
the dehnitions given above, it is easy to check that 

d{q,^i + ■ ■ ■+ ^p) = d{q,ri) + ■ ■ ■ + d{q,rp), 

Ti + ■ ■ ■ + Fp) = A(g, Fi) + • ■ ■ + A(g, Fp), 

for all q G As an application of these relations, we obtain the following lemma whose 
proof can be found in [TO] , 

Lemma 2.4. (i) Assume that T is a convenient Newton polyhedron at infinity. Let A be a 
face ofT and let q = (gi,..., g„) G ML such that A = A(g, F). Then the following conditions 
are equivalent: 

(if) A G Foo/ 

(12) d(g,F) < 0; 

(13) minj=i,,„,„ g^ < 0. 

(ii) Assume that Fi,... ,Fp are some Newton polyhedra at infinity. Let A be a face of the 
Minkowski sum F := Fi + ■ ■ ■ + Fp. Then the following statements hold: 

(111) There exists a unique collection of faces Ai,..., Ap of Ti,..., Fp, respectively, such 
that 

A = Ai + • ■ ■ + Ap. 

(112) //Fi,..., Fp are convenient, then Fqo C Fi^oo + • • ■ + Fp^oo- 

Let /: M”' ^ R be a polynomial function. Suppose that / is written as / = 

Then the support of /, denoted by supp(/), is defined as the set of those n G Z>q such that 
Ok 7 ^ 0. We denote the set F(supp(/)) by F(/). This set will be called the Newton polyhedron 
at infinity of /. The polynomial / is said to be convenient if F(/) is convenient. If / = 0, 
then we set F(/) = 0. Note that, if / is convenient, then for each nonempty subset J of 
{!,..., n}, we have F(/) fl R'^ = F(/|]rj). The Newton boundary at infinity of /, denoted by 
roo(/)) is defined as the set of the faces of F(/) which do not contain the origin 0 in R”'. 

Let us £x a face A of Foo(/). We define the principal part of f at infinity with respect to 
A, denoted by /a, as the sum of the terms a^x'^ such that k E A. 
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2.4. Non-degeneracy at infinity. In [20l|2T] (see also [ini[TTl[T6]), the authors introduced 
some conditions of non-degeneracy for polynomial maps in terms of Newton polyhedra. 
Moreover, some conditions of non-degeneracy for matrices were also given by na. We present 
here a new condition of non-degeneracy at inhnity for symmetric polynomial matrices. This 
condition implies the condition in [20l |2l] when the matrices considered are diagonal. 

Let F: M" ^ x i-^ F{x) = {fij{x))ij=i^,,,^p, be a symmetric polynomial matrix. Let 
r(F) denote the Minkowski sum J2ij=i p^ifij) ^^^1 we denote by roo(F) the set of faces 
of r(F) which do not contain the origin 0 in M"'. Let A be a face of the T{F). According 
to Lemma 12.41 we have the following decomposition A = ^ Aij where Aij is a 

face of r{fij), for all i,j = 1,... ,p. We denote by F^ the symmetric polynomial matrix 


Definition 2.5. We say that the polynomial matrix F{x) = is non-degenerate 

at infinity if and only if for any face A of TooiF) and for all x G (M \ {0})", we have 


Q = { oJij)pxp G SP,uJu > 0 for z = 1,... ,p, tr(f2) = 1, 

( BF \ 

j =0 ioT k = 1,... ,n 


tY{flF/\{x)) 7 ^ 0 . 


Remark 2.4. Note that the condition tr(r2) = 1 in the above dehnition can be replaced by 
tr(r2) 7^ 0. 


3. Nonsmooth Lojasiewicz gradient inequality for the largest eigenvalue 

FUNGTION 

In this section, we prove Theorem [L2] which establishes a nonsmooth version of Lojasiewicz 
gradient inequality with an explicit exponent for the largest eigenvalue function. 

Note that ([6]) follows trivially from (|5]) since df{x) C d°f{x), so it remains to prove 
([5]). First of all, for each x G M"', we denote by E{x) the set of unit eigenvectors of F{x) 
corresponding to the eigenvalue /(x), i.e., 

F(x) := G : F(x)x —/(x)x = o|. 

Clearly, E{x) is a compact set. Furthermore, we have the following stability result of the set 
of unit eigenvectors F(x): 

Lemma 3.1. Let x G ML. For each e > 0 there exists a constant c > 0 such that 
E{x) C E{x) -I- c||x — x||^(P’'‘)B” for all xGB”(x,e). 

Proof. Consider the polynomial function 

$ : M" X RP ^ M, (x, v) i-A <h(x, v) := 

8 


E 

2=1 


V? 


||F(x)u — /(x)u| 








By definition, we have that $(a;, f) > 0 for all (x, v) G M” x MP and that 
E{x) = {vEEP~^ : F{x)v — f{x)v = 0} 

p 

= {n G ^ vf — 1 = 0 and F{x)v — f{x)v = 0} 

i=l 

= {v eW : <h(x,u)=0}. 

Since the sphere is a compact set, it follows from the Lojasiewicz inequality (see, for 
example, [231131]) that there is a constant c > 0 such that 

cdist{v, F{x)) < for all veEP~^. 

On the other hand, it is clear that the function $ is locally Lipschitz, and so it is globally 
Lipschitz on the compact set B"’(x, e) x Hence, there exists a constant L > 0 such that 

|<h(a:, r>) — $(x, r>)| < L||x —:r|| for all {x,v) EM'^{x,e) x 

Let x E B”(x, e) and take an arbitrary v E F(x). Then <h(a:, v) = 0, and therefore, 

cdist(u, £'(x)) < [<h(x,r’)]^(px) 

= |<h(a;, n) — <h(x, 

1 1 
< 11^ _ 2:|| ^(P,4) ^ 

This implies immediately the lemma. □ 


For simplicity, we will write g(x, v) := {F{x)v, v). For each integer r G {1,..., n + 1}, we 
dehne the function 


: M" X X WP -E M, 


(x, X,V^, . . . , V^) 1-4 Gr{x, \,V^, . . . ,V^), 


by 

r—1 / r—1 \ 

Gr{x, \,v\ ... ,v^) Xig{x, v'^) + ( 1 - X] A; j g{x, v^), 

1=1 \ 1=1 ) 

where A := (Ai,..., A^-i) G and v’' := {v[,...,Vp) E W, I = Clearly, G is 

a polynomial of n -1- r — 1 -|- rp variables with degree at most d + 3. Dehne further the set 
P C by 

r—1 

P ;= |a := (Ai,..., Ar-i) G Xj < 1 and Xj >0, for j = 1,..., r — l|. 

i=i 

Lemma 3.2. There exist some positive constants c and e such that 

II VGr(x, A, ..., n'’)|| > c \Gr{x, A, ..., 

for all x E B"(x, e), all A G P, and all E with dist(f^, F{x)) < e for I = 1,... ,r, 
where 0, := 1 - ■ 
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Proof. By a standard compactness argument, it suffices to show, for each A G P and each 
v^,... ,v^ G E{x), that there exist some positive constants c and e such that 

II va(x, X,v\...,vn\\> c\Gr{x, X,v\..., (7) 


for ||a: — a;|| < e, ||A — A|| < e, and \\v’' — n^|| < e for / = 1 ,..., r. 

To see this, take any A G P and ..., h'’ G E(x). If Gr{x, X,v^,..., E) = 0 then Inequal¬ 
ity ([7]) follows from Theorem 12.21 So we assume that Gr{x, A, ..., h'’) 7 ^ 0. By definition, 
we have for all / = 1 ,..., r, 

f{x)v’‘ = E{x)v\ and 

f{x) = {F{x)v\v'') = g{x,v^) = Gr{x,X,v^,... ,E). 


Further, observe that 


r—1 


2XiE{x)v\ ..., 2Xr-iE{x)v^-\ 2 ^ A; j F{x) 

2Ai/(7)h\ ..., 2Xr-ifix)E~^, 2 (1 - ^ A; j f{x)v 


1=1 


r—1 


2Xiv\ ..., 2Xr-iv'^~\ 2 1 - ^ A 




1=1 


fix), 


where v^,...,v^Gr stands for the derivative of the function Gr with respect to the variables 
,... ,v'^. Hence V^y,,,_^rGr(x, A, ..., h'’) 7 ^ 0, and so VG^ix, X,v^,..., E) 7 ^ 0. Since Gr 
and VGr are continuous functions, by choosing c and e small enough, we get Inequality ([7]). 

□ 


Now, we are in position to finish the proof of Theorem 11.21 

Proof of Theorem \l.‘A Without loss of generality we may assume that f{x) = 0. 

Applying Lemma IXTl for Ci := 1 we get a constant c > 0 such that 

E{x) (Z E{x) + c\\x — xW^^W for all x G ©"(x, ei). 

Let €2 > 0 be such that Lemma 13.21 holds and choose a real number e satisfying 0 < e < 
min{ei,e 2 , Then it is clear that 

dist(x, F'(x)) < e for all xGB"(x,e) and v & E{x). 

Shrinking e, if necessary, we may assume that |/(x)| < 1 for all x G B"'(x,e). 

Take an arbitrary x in B"'(x, e) and let w G d°f{x). By Lemma [27^ there are (Ai,..., A^-i) G 
P and some unit eigenvectors v^,... ,v^ of F{x) corresponding to the eigenvalue fix), such 
that 

r—1 / r—1 \ 

w = Y^ XiVocgix, v'’)+ ( 1 - X] A; j Vccgix, v''), 

1=1 \ 1=1 ) 
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for some r G {1,..., n + !}• Since g{x, v’') = f{x) for / = 1,..., r, it follows that 


r—1 


7—1 


Gr{x,\v\...y) = 
Moreover we have 


X) 




i=i 


1=1 


VG'r(a:, A, ..., v'”) = 


r—1 


r—1 


1=1 


r—1 


^ XiV^gix, v^) + 1^1 - ^ Az j Vxg{,x, v''), 
g{x, - g{x, v'^),..., g{x, v^-^) - g{x, n'’), 

f r-l 

1 - ^Az ) F{x)% 

wj{x) - f{x),...,f{x) - f{x), 

2Xif{x)v^,..., 2Xr-if{x)v'^~^, 2 S 

/ r-1 

w,0,...,0, 2Xif(x)v\ ..., 2Xr-if(x)v^~\ 2 I 1 - ^ Az j /(x)! 


1=1 


Therefore 

||VG^(x,A,n\...,n’’)|| = ||m;|| + 2|/(a:)| [ ^ Az||n'|| + [ 1 - ^ Az 


^r—1 


r—1 


J =1 


1=1 


= Ikll+2|/(a;)|. 


(Here we use the norm ||(x, A, ..., n^)|| := ||x|| + ||A|| + ||n^|| + ••• + Uni'll.) For each 
Z = 1,..., r, we know that G E{x) and so 

dist(n^ F'(a:)) < e < 62 for / = 

Thanks to Lemma [3.21 we have 

lkll+2|/(x)| = ||VG'^(a:,A,'i;\...,^;’')|| > c\f{x)f^ > c\f{x)f^+\ 
where the last inequality follows from the facts that \f{x)\ < 1 and 

0 KOr < 9n+l = 1 - 

Thus 


.^(2n + p{n + 1), d + 3) 


\\w\\ > (c- 2 |/(a:)|^ ^”+^)\f{x)f”+K 
By choosing e small enough, then 


I'W^II > for all x G ]B”(a:,e). 


The inequality holds for all w G d°f{x), so the theorem follows. 


□ 
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4. Local Lojasiewicz-type inequality and local separation of semialgebraic 

SETS 

Theorem 11.21 allows us to deduce the following local Lojasiewicz-type inequality for the 
largest eigenvalue function. 

Theorem 4.1. Let F and f be as in Theorem \l.‘A Then for any compact set K C M”, there 
exists a constant c > 0 such that 

cdist(x, Sf) < for all x e K, (8) 

where Sp ■= {x G M” : F{x) ^ 0}. 

Proof. Theorem 14.11 can be deduced straightly from a result on local error bounds (see [ 33 ] )• 
Here, we present a different proof whose ideas is based on estimating the length of trajectories 
of the subgradient dynamical system (see e.g. 0. ra for more details). 

O 

Denote by B”(x, e) the open ball centered at x of radius e > 0 in M” (and so B"'(x, e) is its 

O 

closure). Since K is compact, we can cover K by hnite open balls B"'(xj,ej),z = 1,.. . ,m, 
such that: 

• Either Xi E Sp or B"'(xj, ef) O Sp = (/)■, 

• li Xi E Sp then Inequality ([6]) holds in B"'(xi,ei -|- cM) where c := ^ 

M := sup [/+(x)] «(2n+p(n+i).d+3) ^ g^nd c is the constant in Inequality ([6]). 

First of all, it is clear that by taking c small enough. Inequality ([8]) holds for all x E 

O 

W{xi,ei) with B’"(xi,ei) n 5'^ = 0 since inf,j,eB-(Si,ep[/(»;)]+ = inf,j,gB-(xi,ei)[/(3;)] > 0. So it 

O 

remains to prove Inequality (IH]) for all x E B"(xj, e*) with Xj G Sp. 

Note that /+(x) = max{||.y||=i}u{o}(-^(2^)'i^)^ 0 for all x G M"". Since the set {||n|| = 
1}U{0} is nonempty compact, /+ is locally Lipschitz and locally representable as a difference 
of a convex continuous and a convex quadratic function (see, e.g., [35l Theorem 10.33]). In 
particular, it satishes df+{x) = df+{x) ^ 0 for all x G M"'. Furthermore, if /(x) > 0 then 
/(x) = /+(x) and m/_^(x) = m/(x) by the continuity of /. 

O 

Let X G B”(xj, Cj) be such that /(x) > 0. By [5l Corollaries 4.1 and 4.2], there is a unique 
absolutely continuous integral curve u\ [0, -|-oo) —?■ M"" of the dynamical system 

0 G u{t) + d[fp{u{t))] with n(0) = x 

such that the following properties hold: 

(a) The function /+ o n is absolutely continuous and decreasing on [0, -|-oo). 

(b) For almost all t G (0, +cxo), 

II^WII = and ^{f+ou){t) = -[mf^{u{t))f. 

(c) If there exists to > 0 such that m/_^(n(to)) = 0, then u{t) = u(to) for all t > tg. 
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Let 


T := sup{t > 0 : /+(ti(t)) > 0}. 


Clearly, 0 < T < +cx). Assume f+{u{to)) = 0 for some to ^ (0,7")- Then u{to) is a global 
minimizer of /+ on M”. Hence 0 G df+{u(tQ)) and in consequence mf^{u{to)) = 0. The 
property (c) implies that for all t > to, u(t) = u(to) and so f+{u(t)) = /+(n(fo)) = 0, which 
contradicts the dehnition of T. Therefore /+(n(f)) > 0 for all t G [0,T). 

Let 

Tq := sup{t G (0, T) : u{s) G e* + cM) for all s G [0, f)}. 

Clearly, 0 < Tq < T. For simplicity we write p := 1 — ^( 2 n+p(n+i) d+ 3 ) ^ chain rule, the 

property (b) and Theorem 11.21 we have for almost all t G [0,To), 


£ 

dt 


(/+ 


ouY ^{t) = 


< 


(l-p)(/+o^) ^W^(/+ow)W 

-(1 - p)(/+ o 

-(1 - P)if+ ° w)”^WK+(w(t))]||h(t)|| 

-(1 - p){f o u)-P{t)[mf{u{t))]\\u{t)\\ 



In consequence, we obtain for all t G [0, Tq), 


length( mI[ o,t)) < c [(/+o ^(0) - (/+o ^(t)] , (9) 


where length( m|[o,p) stands for the length of M|[o,t)- 

Assume that we have proved that linit^yg /+(n(f)) = 0. This, of course, implies that 

dist(x, Ff) < length(n|[o,To)) < c[/+(a;)]^“^, 


which completes the proof of the theorem. 

So we are left with proving that limj^j^g /+(n(t)) = 0. Indeed, by contradiction, assume 
that limj^T’g f^{u{t)) > 0. Then, by 0, 

length(n|[o,To)) < c[/+(a:)]^"'’< cM. 


There are two cases to be considered. 


Case 1: Tq < +cxo. In this case, we have 

||n(To)-Xj|| < length(M|[o,To)) + Ik - ^i|| < cM + e*, 

which yields u{To) G ©^(xj, e* + cM). Then, by continuity, f+{u{To + S)) > 0 and u{To + 6) G 

O 

©”(xj, e, + cM) for all sufficiently small 5 > 0. This contradicts the dehnition of Tq. 
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Case 2: Tq = +oo. In this situation, the trajectory u{t) is bounded because its length is 
bounded by cM. Thanks to [5l Theorem 4.5], the trajectory u{t) converges to some point 

O 

x°° e M" with = 0. Arguing as above, it is easy to see that x°° e e* + cM). 

This, together with Theorem II.21 implies that f^{x°°) = 0, which contradicts our assumption 
that limt^'To /+(u(t)) > 0. □ 

Another consequence of Theorem II.21 is the following separation of semialgebraic sets with 
an explicit exponent. 


Proposition 4.1. Let F: M" ^ x i-)- F{x) = {fij{x)), and G: M” —)■ 5'^, x i-)- G{x) = 
{gki{x)), be two symmetric polynomial matrices of order p and q, respectively. Set 

Sp ■= {x G M"' : F{x) :< 0} and Sq ■= {x G M" : G{x) ^ 0}, 

and assume that Sp O Sq 0- Then for any compact set K C M", there exists a constant 
c > 0 such that 

cdist(x, Sp n Sg) < ^dist(x, Sp) + dist(x, Sg)J «(2".+(p+‘j)("+i),d+3) x & K, 

where d := max {deg , deg qm}. 

Proof. Let /(x) and g{x) be the largest eigenvalues of the matrices F(x) and G'(x), respec¬ 
tively. It follows from Lemma [2.31 that 


/(x) := max(F(x)u,u) and g{x) := max(G(x)u, u). 

||i;||=l ||4 a||=1 

Dehne the symmetric polynomial matrix Lf; M” —)■ x i—)■ H{x), as follows 


H{x) 


(no 0 \ 

f 0 G(x)J’ 


and set Sp ■= {x G M"' : H{x) ^ 0}. It is clear that Sp = Sp O So- 
Let h{x) be the largest eigenvalue of the matrix H{x). It is clear that h{x) 


max{/(x),^(x)}. 


so 

[h(x)]+ = [max{/(x),^(x)}] + 

= max{/(x),^(x),0} 

= max{[/(x)]+, [^(x)] + } 

< [/(2;)]+ + [9{x)] + - 

By Theorem 14.11 there exists a constant c > 0 such that for all x G AT, we have 

cdist{x, Sp) < 


Therefore 

cdist(x, A'f n Ag) < ([/(x)]+ -I- [^(a;)]+)«(2n+(p+q)(n+i).d+3) _ (^10) 

Since K is compact, M := max 3 ,g;^{dist(x, Sp), dist(x, /Sg)} < +cxo and K := K + MB” is a 
compact set. Note that the functions x [/(x)]+ and x eo- [ 5 f(x)]+ are locally Lipschitz, so 
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are globally Lipschitz on the compact set K. Thus there exists a constant L > 0 such that 
for all x, ?/ G A", we have 

\[fix)]+-[f{y)] + \ < L\\x-y\\ and \[g{x)]+- [g{y)] + \ < L\\x - y\\. 

Now for each x G A', there exist y E Sp and z E Sq such that 

dist(x, Ai?) = ||x — ?/|| and dist(x, Ac) = ||x — 2 ;||. 

It is clear that y, z E K. Hence 

\[fix)] + \ = |[/(x)]+ - [/(?/)] + | < A||x - 2/11 = Ldist(x, Af), 
l[^(a^)]+l = l[£/(a^)]+- [£/(^)] + l < - ^11 = ^dist(x, Ag). 


These inequalities, together with Inequality flTOj) . imply the proposition. 

The next result establishes a sharpen version of Lojasiewicz’s factorization lemma. 


□ 


Corollary 4.1. Let A: R” —)■ S^, x i-)- F{x) = {fij{x)), G: R” —)■ A^, x i-)- G{x) = {gki{x)), 
and H\ R”' —)■ A^’, x ^ H{x) = {hst{x)), be some symmetric polynomial matrices of order 
p,q, and r, respectively. Let f{x),g{x), and h{x) be the corresponding largest eigenvalue 
functions of F{x),G{x), and H{x). Assume that A' := {x G R" : H{x) A 0} zs a compact 
set and that 

{x E K : /(x) <0} C {x G A' : g{x) < 0}. 

Then there is a constant c > 0 such that 

[g{x)]+ < c , for all x E K, 

where d := max {deg/y, deg 

2 ,^ = 1 ,...,^, 5 , 4 = 1 ,...,?" 

Proof. Let .4, := {x G A' : /(x) < 0}. We have 

A(x) 0 


.4 = 


X G 


A 0 > = {x G R"' : max{/(x), h{x)} < 0} 


0 H{x) 

C (x G A' : g{x) < 0}. 

Since the set K is compact, Theorem 14.11 gives 

dist(x,4,) < Co max{/(x), h{x), 0}«(2"+(P+O{>^+l).d+3) = Cq [y(^2;)]^(2n+(p+r')Cn+l),d+3) ^ 

for all X G K, where cq is a positive constant. Let M := max 3 ,g;^ dist(x, {g < 0}) < +oo and 
K -.= K + MB". The function g is locally Lipschitz, thus, is globally Lipschitz on iL, i.e., 
there is a constant A > 0 such that \g{x) — g{y)\ < L\\x — y\\ for all x,y E K. 

Now take any x G K. Clearly, there exists a point y E K such that g{y) < 0 and 
dist(x, {g < 0}) = ||x — y\\. Therefore, 

[9ix)]+ < \gix)-giy)\ < L\\x - y\\ = Ld{x,{g<0}) 

< Ld{x,A) < 
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This completes the proof of the corollary. 


□ 


Remark 4.1. The statement of Corollary 14.11 still holds in the case iC —)■ M is a locally 
Lipschitz function. 


5. Global separation of semialgebraic sets and global Lojasiewicz-type 

INEQUALITY 

In this section we provide some versions of global separation of semialgebraic sets and 
global Lojasiewicz-type inequality with explicit exponents for the largest eigenvalue function. 


Corollary 5.1. Let F: M"- —)■ x i-)- F{x) = {fij{x)), and G: M” x hA G{x) = 

idkiix)), be two symmetric polynomial matrices of order p and q, respectively. Set 


Sp := {x G M"' : F{x) ^ 0} and Sq ■= {x G M"' : G(x) ^ 0} 


and assume that Sp O Sq 0- Then there exists a constant c > 0 such that 
/dist(x, Sp n Sg) ^ ^(2n+(p+g)(n+l),d+3) 


■ 


1 -I- llxl 


< dist(x, Sp) -|- dist(x, So) for all x G 


where d := max {deg , deg pki}. 


Proof. The proof follows the same lines of that of Theorem 2], by using Proposition 14. II 
instead of [231 Corollary 8 ]. Note that the arguments of the proof of [231 Theorem 2] also 
hold for semialgebraic sets, the assumption of algebraicity is only needed for the application 
of [23l Corollary 8 ]. We omit the details. □ 


Remark 5.1. Corollary 15.11 can be also obtained by applying [211 Theorem 1.1] but the 
exponent will be different. 


Next we state a global Lojasiewicz-type inequality for the largest eigenvalue function 
(compare [371 Theorem 7]): 


Corollary 5.2. Let F: R” S^, x i-A F{x) = {fij{x)), be a symmetric polynomial matrix 
of order p, and assume that Sp := {x G R" : F{x) ^ 0} 7 ^ 0. Then for some constant 
0 0, we have 


( dist(x, Sp)\ 
V 1 -I- ||x|p / 
where d := max deg fij. 

i , j = l,...,p 


^(2(n+l)+(p+2)(n+2),d+3) 




for all X G R”, 


Proof. Define symmetric polynomial matrices F: R” x R —)■ 5^ and C: R" x R —)■ 5^ by 


F{x,y) := F{x)-ylp and G{x,y) 
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for X e M” and y E M., where Ip denotes the unit matrix of order p. Let Sp := {(x,?/) G 
M” X M : F{x,y) ^ 0} and Sg := {{x,y) G M” x M : G{x,y) ^ 0}. By Corollary 15.11 there 
exists a constant c > 0 such that 

^(2(n+l)+(p+2) (n+2),d+3) 


/dist(z, Sp n S', 




Gi 


1+ k 


< dist(2;, Sp) + dist(2;, Sg) 


for all 2 ; := {x,y) G M" x M. Now it is sufficient to consider x G M” satisfying /(x) > 0. 
Clearly, S'g = M" x {0}, so S”^ Cl S'g = Sp x {0} and dist((x, 0), S'g) = 0. Moreover 
dist((x, 0), S*^ n Sg) = dist(x, Sp)- Note that (x, /(x)) G Sp. Thus 


dist((x,0),^j?) < ||(x,0) - (x,/(x))|| = /(x). 


The corollary follows. 


□ 


As a direct consequence of Corollary 15.21 we obtain the following result, (see [HI [23]): 

Corollary 5.3. Let F: R"" S^, x F{x) = {fij{x)), be a symmetric polynomial matrix 

of order p, and assume that Sp := {x G R” : F(x) ^ 0} A a nonempty compact set. Then 
there are some constants c > 0 and R > 0 such that 

^||x||-^(2(n+l)+(p+2)(n+2),d+3) < [/(x)] + , for all |lx|| > /?, 

where d ;= maxij=i_,,,^p deg/jj. 

Proof. Indeed, since the set Sp is compact, we can hnd some positive constants ci and C 2 
satisfying the following inequality 

ci||x|| < dist(x, S'f) < C 2 ||x|| for ||x|| 1. 

This, combining with Corollary 15.21 yields the required conclusion. □ 


6. Global Lojasiewicz-type inequality and non-degeneracy at infinity 

In this part, we prove Theorem 11.31 which establishes a global Lojasiewicz-type inequality 
with an explicit exponent for the largest eigenvalue function of a symmetric polynomial 
matrix, which is non-degenerate at inhnity. 

The following lemma is a key to prove Theorem 11.31 

Lemma 6.1. Under the assumptions of Theorem \1.3\. there exist some constants c > 0 and 
R > 0 such that 

> c for all ||x|l > R. 

Proof. By contradiction, assume that there exists a sequence {x^jfcgN C R"" such that 

lim ||x^|| = 00 and lim m/(x^) = 0. 

k^oo k^oo 
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By Lemma 12.31 for each k there exist some nonnegative real numbers A^,..., A^, with 
^ eigenvectors ..., corresponding to /(x) such that 


m/(x^) 


5^Afv,(F(i‘)(«y.y)'=> 

i=i 


r 


P 


1=1 i,j=l 


Note that r = r{k) < n + 1. By taking subsequence if necessary, we may suppose that r does 
not depend on k. Since the function x i—)■ tn/(x) is semi-algebraic, by Lemma [23] and by 
applying Curve Selection Lemma at inhnity fLemma 12 . 11 ) with the following setup: the set 


Al := {(x,A,x\...,xO e M” X M'’ X : 


A= (Ai,...,A^), x' = I 

Az > 0, 

||x*|| = 1 , F(x)x* = /(x)x^} 


1 ,.. 


r. 


which is a semi-algebraic set, the sequence (x^, A^, (x^)^,..., (x^')^) G A which tends to 
inhnity as k ^ oo, and the semi-algebraic function x e-)■ m/(x), it follows that there exist 
a smooth semi-algebraic curve (p{t) := {(pi(t),..., ipn(t)) and some smooth semi-algebraic 
functions Az(f), x*(f), / = 1 ,..., r, i = 1 ,... ,p, for 0 < t 1 , such that 

(a) limi^o ||<z5(^)|| = oo; 

(b) Xi{t) > 0 for all / = 1,..., r, and X]z=i ^i{^) = 

(c) ||x'(f)|| = ||(xl(f),...,xj,(f))|| = 1 and F{^p{t))v^{t) = f{ip{t))v\t) for all / = l,...,r; 

(d) m/((p(f)) = II Td=iM'tWx{F{ip{t))v^{t),v^{t))\\ ^ 0 as f ^ 0. 

Let I := {s : ^ 0}. By Condition (a), / 7 ^ 0. By Growth Dichotomy Lemma 

1 Lemma 12.2p . for s ^ I, we can expand the coordinate function in terms of the parameter 
t as follows 


(Ps(t) = x°F® -|- higher order terms in t, 

where x° 7 ^ 0 and Qs G Q. Set Qs, := miuse/^s for some s* G /. From Condition (a), we get 
Qs, < 0. It is clear that ||(p(t)|| = + o(F“*) as t —)■ 0, for some c > 0. 

Recall that 


:= {x G M" : x^ = 0 for all s ^ /}. 

For {i,j) G {l,...,p}^, let dij be the minimal value of the linear function 
T{fij) n and let (resp.. A) be the unique maximal face of T{fij) fl (resp., F(F) D 
M^) where the linear function takes this value. Then a direct computation shows that 
A = J2ij=i p^ij- Further, since fa is convenient, da < 0 and Ajj is a face of Foo(/ii). 
Consequently, we have A is a face of Foo(F). 
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If we write fij{x) = then 

fijiv>it)) = Y1 ^ijAv>it)T 

«;er(/ij)nR^ 

«Gr(/ij)nR^ 

= ^ + higher order terms in f) 

KGr(/y)nR^ ( 11 ) 

= + higher order terms in t) 

'^Gr(/ij)nR^ 

= + higher order terms in t 

K, ^ ^ j j 

= + higher order terms in t, 

where x° := (x?,..., x°) with x° := 1 for s ^ I. 

Let J := {/ G {1,..., r} ; A/ ^ 0}. Condition (b) implies that J 7 ^ 0. For I G J, expand 
the coordinate function A; in terms of the parameter t as follows 

A/(f) = X^t^‘ + higher order terms in t, 

where A° > 0 and 0i >0. 

For / = 1,..., r, let Ki := {i G {1,... ,p} : n• ^ 0}. By Condition (c), Ki 7 ^ 0. For i G Ki, 
expand the coordinate function v[ in terms of the parameter t as follows 


v\{t) = w\t^i + higher order terms in t, 


where 7^ 0 and /i( > 0. 
For simplicity, let 


u 


.[t) for s = 

1=1 i,j=i ^ 


n. 


We have for all s G /, 
dx. 


W-)) = 

ox. 


higher order terms in t, 


and hence 


l&J i,jeKi ^ 

= (^^^'^fdij+ei+^i\+^i''.-qs _|_ higher order terms in f 


l&J i,j€Ki 


\ + higher order terms in t, 


leJ' {i,j)GLi 
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where we put 


M := min h*,-+ 6'/+ +/x*-, 

l^Ji 

J' := {/ G </ : 3i, j G Ki s.t dij + + /i[ + /i^ = Af} ^ 0, 

h; := {(hi) £ ^ Ki : dij + + p*- = iVf}. 

There are two cases to be considered. 


Case 1: M < := min^g/gs. 

For s G /, we have M — < M — Qs^ <0. Then it follows from Condition (d) that 


E E 


0.„L.,l ^fiJAij / 0 


dx. 




X^) = 0. 


For s ^ I, fij^Aij does not depend on Xg, so = 0. Therefore, for s = 1,..., n, 

E E 

l&J' {i,j)&Li 

Set := {oJij)i,j=i,...,p with 

Ezgj': (ij)GL, >HwWj if 3/ G J' s.t (hi) G Lu 
0 if ,3/ G J' s.t (hi) G Li. 

Since (hi) ^ Li if and only if {j, i) G Li, the matrix f2 is symmetric. Further, for s = 1,..., n, 

^ *j=i 


OJij : — 


Let (hi) G Li. It follows from the assumption F(/jj) C F(/jj) that dij > da. By symmetry, 
we also have F(/jj) C T{fjj) and so dij > djj. Assume that ix[ < pf, then 

da + + /x( + /i( < dij + 0; + p* + fJj = M. (12) 

By the dehnition of M, the inequality in flT^ must be equality which implies that da = dij 
and nl = pf. Again, by symmetry, we get djj = dij = da. Finally, it follows that (h *), (i, i) ^ 
Li. Now, there exist indexes lo,io, and jo such that Iq G J' and (io,Jo) ^ So (ioAo) ^ -^Zq 
and 

^ioio = > 0- 

leJ': (io,io)£Li IgJ': {io,io)&Li 

Moreover, by dehnition, each nonzero element on the diagonal of 12 is positive. Hence 
tr(12) > 0. 

By Remark 12.41 and by the assumption of non-degeneracy at inhnity of F, we get 

i^ijfijArii.^^) = tr(HFA(a:°)) ^ 0. (13) 

*J=1 \ZeJ': ii,j)€Li J i,j=l 
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From Conditions (b), (c), and flTT]) we have 


fMt)) = 

l€J 

leJ i,j=i 

l€J i,j£Ki 

l€J i,j£Ki 

= Y1 + ■■■ 

l&J' {i,j)&Li 

= \ Y1 + ■ ■ ■ 

*J = 1 \l€J': (i,j)&Li J 

= tT{^l,F/\{x^))t^ + higher order term in t. 


By Inequality ffT^ . we hav^ fiAt)) 


~ as t —)■ 0, so 




dt 


~ ^ as t —)■ 0. 


(14) 


On the other hand, we have 


dt 


£ 

dt 


'^Xi{t){F{^{t))v\t),v^{t)) 


JeJ 


Y: ^(FMt))v‘m, „'(*)) + ^ ^^^t diFMt))v{t).v{t)) 

i€J leJ 


Since 


leJ lej 


dt 

i€J 

d (X^zej ^£)) 

dt 


dl 




^We say that a{t) ~ b(t) as t —>■ 0 if there exist positive constants ci and C 2 such that ci|a(t)| < |6(t)| < 
C 2 |a(t)| for 0 < t <IC 1. 
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we see that 


dt 




d{F{ip{t)y{t),v\t)) 


l&J 


dt 


d 




iGJ 


^*J = 1 






igj 


i,j=^ 


dt 


-^j{t)fij{^{t)) + Vi{t)——fij{ip{t)) 


dt 


^Az(t) ^ vl{t)v^j{t){Vfij{if{t)),^) 


i&j 


*.j=i 
p 


dt 




dt 

1=1 j=i 


i&j 

+ (uW,f>. 

Note that F is symmetric and F{ip{t))v^ = f{ip{t))v\ so 


dt 

j=i 1=1 


= fi.¥’{t))vl{t) and '^vl{t)fij{^{t)) = f{>^{t))v^j{t). 
i=i 


Thus 

d{fo¥’){t) 

dt 


i=l 


E w IE W w+E w) + («w. 

^A,(i)/Mi))(E^^^+E‘^‘'’’''*’’' 

leJ \i=i j=i 

dip. 


l£j 
1 
2 


dt 




d 


E^'W/(^W):sll’’'WII' + (”W'^> 


igj 


dt 

E^'W/(^W)§ + (“W>^> 

i&j 

{«W,^)<IW*)llll^ll = "';(,,(())||*||. 


This, together with Inequality flT4l) . implies that there is c' > 0 such that 

c't^-^ 


mf{ip{t)) > 


t<ls» 


-1 




Since m/((p(t)) —?■ 0, it follows that M — Qg^ > 0, which is a contradiction. 


Case 2: M > := min^g/gg. 

Recall that 6*z > 0 and /i- > 0 for all / G J and i E Ki. By Conditions (b) and (c), Oi^ = 0 
and /i-° = 0 for some Iq E J and io E Ki^. Since /*(,*(, is convenient, for s = 1,... ,n, there 
exists an integer > 1 such that nises E roo(/ioio)- Then it is clear that 

qsUis > digi ^, for all s E L 
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On the other hand, we have 

dioio = d,ioio + ^lo + hio + ^ + hi + h^) = M- 

IGJ, (z,3)£Ki 

Therefore 

> di^io > M > Qs,. 

Since Qs^ = min^g/gs < 0, it implies that < 1, which is a contradiction. □ 

Lemma 6.2. Assume that there exist some constants c > 0 and R> 0 such that 
'^fix)>c for all X G/“^((O,+cxo)) and ||x|| > i?. 

Let s G Sp- Then 

^dist(x, S'f) < [/(x)]+ for all ||x|| > 3i? + 2||s||. 

Proof. We argue by contradiction. Suppose that the conclusion is false. Then there exists 
X G M"' such that 

||x|| > 3i? + 2||s|| and [/(x)]+< ^dist(x, S'i?). 

Clearly x ^ Sp- Set iT := {x G M"" : ||x|| > R}. Note that infi^[/(x)]+ > 0, and so 

[/(x)]+ < inf[/(x)]+ + ^dist(x, Sp). 

By applying Ekeland variational principle [14] to the function [/(x)]+ on the closed set K 
with the data e := |dist(x, 5'i?) > 0 and A := > g, there is y ^ K such that 

11^ — XII < A and that y minimizes the function 

[f{x)]p + j\\x-y\\. 

It follows that 

2 

llhll > ||x|| - ||?/-x|| > ||x|| --dist(x,S'F) 

> ll^ll “ ^11^ “ ^11 ^ ll^ll “ + ^11) = ^(11^ “ 2||s||) > R. 

Thus y is an interior point of K. Then we deduce from [211 Theorem 5.21(iii)] that 

0 e a[/(s)]+ + ^B”. 

By the dehnition of the function xuf^, it follows easily that 

^f+iy) < j- 

Since x ^ Sp and \\y — x|| < A = |dist(x, Sp), we have y ^ Sp and so f(y) > 0. Therefore 

f Sc* 

^.fiy) = ^.f+iy) <j = ^<c, 

which is a contradiction. □ 

Now, we are in position to hnish the proof of Theorem 11.31 
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Proof of Theorem \1.3[ By Lemma 16.11 there exist some constants ci > 0 and R > 0 such 
that 

tTi/(x) > Cl for all ||x|| > R. 

Let us hx a point s in Sp. Due to Lemma [6.21 we obtain 

^dist(x, S'!?) < [/(x)] + , for all ||a;|| > + 2||s||. (15) 

On the other hand, thanks to Theorem 14.11 we get a constant C 2 > 0 satisfying 

C 2 dist(x, 5 i.) < [/(a;)]«(2n+p(i+i,,d+3)^ for all ||x|| < 3i? + 2||s||. (16) 

Let c := min{y, C 2 } > 0. Taking account of (IT^ and (ITB]) . we obtain 

cdist(x, Sf) < + [/(x)]+, for all x e M”, 

as it was to be shown. □ 

Acknowledgments. We are grateful to the referee for careful reading and corrections of 
the manuscript. 


References 

[ 1 ] D. D’Acunto, K. Kurdyka, Explicit bounds for the Lojasiewicz exponent in the gradient inequality for 
polynomials, Ann. Pol. Math., 87, (2005) 51-61. 

[2] R. Benedetti, J. Risler, Real algebraic and semi-algebraic sets, Hermann, 1991. 

[3] E. Bierstone, P. Milman, Semianalytic and subanalytic sets, Inst. Hautes Etudes Sci. Publ. Math., 67 
(1988), 5-42. 

[4] J. Bochnak, M. Coste, M. -F. Roy, Real algebraic geometry, Vol. 36, Springer, 1998. 

[5] J. Bolte, A. Daniilidis, A. S. Lewis, The Lojasiewicz inequality for nonsmooth subanalytic functions 
with applications to subgradient dynamical systems, SIAM J. Optim., 17 (4) (2007), 1205-1223. 

[6] M. D. Bronstein, Smoothness of roots of polynomials depending on parameters, (Russian) Sibirsk. Mat. 
Zh. 20 no. 3, (1979) 493-501, 690. English translation: Siberian Math. J. 20 no. 3, (1979) 347-352 (1980). 

[7] C. Caratheodory, Uber den variabilitatsbereich der fourier’schen konstanten von positiven harmonischen 
funktionen, Rendiconti del Circolo Matematico di Palermo, 32 (1911), 193-217. 

[8] F. H. Clarke, Generalized gradients and applications, Trans. Amer. Math. Soc., 205 (1975), 247-262. 

[9] F. H. Clarke, Optimization and nonsmooth analysis, New York et ah, John Wiley & Sons, 1983. 

[10] S. T. Dinh, H. V. Ha, T. S. Pham, A Frank-Wolfe type theorem for nondegenerate polynomial programs. 
Mathematical Programming SERIES A., 147 (2014), 519-538. 

[11] S. T. Dinh, H. V. Ha, T. S. Pham, N. T. Thao, Global Lojasiewicz-type inequality for non-degenerate 
polynomial maps, J. Math. Anal. AppL, 410 (2) (2014), 541-560. 

[12] S. T. Dinh, H. V. Ha, T. S. Pham, Holder-type global error bounds for non-degenerate polynomial 
systems. Preprint. Available from: http://arxiv.org/abs/1411.0859, 

[13] L. van den Dries, C. Miller, Geometric categories and o-minimal structures, Duke Math. J., 84 (1996), 
497-540. 

[14] 1. Ekeland, Nonconvex minimization problems. Bull. A.M.S., No. 1 (1979), 443-474. 

[15] A. Esterov, Determinantal singularities and Newton polyhedra, Tr. Mat. Inst. Steklova 259 (2007), 
20-38. 


24 









[16] H.V. Ha, Global Holderian error bound for non-degenerate polynomials, SIAM J. Optim., 23 (2) (2013), 
917-933. 

[17] L. Hormander, On the division of distributions by polynomials. Ark. Mat. 3 (53) (1958), 555-568. 

[18] A.D. Ioffe, Approximate subdifferentials and applications, I: The finite dimensional theory, Trans. Am. 
Math. Soc. 281 (1984), 389-416. 

[19] J. Kollar, Sharp effective Nullstellensatz, J. Amer. Math. Soc., 1 (4) (1988), 963-975. 

[20] A. G. Khovanskii, Newton polyhedra and toroidal varieties, Funct. Anal. AppL, 11 (1978), 289-296. 

[21] A. G. Kouchnirenko, Polyhedres de Newton et nombre de Milnor, Invent, math., 32 (1976), 1-31. 

[22] K. Kurdyka, L. Paunescu, Hyperbolic polynomials and multiparameter real-analytic perturbation the¬ 
ory, Duke Math. J., 141 (1) (2008), 123-149. 

[23] K. Kurdyka, S. Spodzieja, Separation of real algebraic sets and the Lojasiewicz exponent, Proc. Amer. 
Math. Soc., 142 (9) S 0002-993912061-2, (2014), 3089-3102. 

[24] K. Kurdyka, S. Spodzieja, A. Szlachcinska, Metric properties of semialgebraic mappings. Preprint. 
Available from; arXiv:1412.5088 

[25] A. S. Lewis, M. L. Overton, Eigenvalue optimization, Acta numerica, 5 (1996), 149-190. 

[26] S. Lojasiewicz, Division d’une distribution par une fonction analytique de variables reelles, G. R. Acad. 
Sci. Paris, 246 (1958), 683-686. 

[27] S. Lojasiewicz, Sur le probleme de la division, Studia Math., 18, (1959), 87-136. 

[28] S. Lojasiewicz, Ensembles semi-analytiques, I.H.E.S, Bures-sur-Yvette, 1965. 

[29] C. Miller, Exponentiation is hard to avoid, Proc. Amer. Math. Soc., 122 (1994), 257-259. 

[30] J. Milnor, Singular points of complex hypersurfaces. Annals of Mathematics Studies 61, Princeton 
University Press, 1968. 

[31] B. S. Mordukhovich, Variational analysis and generalized differentiation, I: Basic Theory, H: Applica¬ 
tions, Springer, Berlin, 2006. 

[32] A. Nemethi, A. Zaharia, Milnor fibration at infinity. Indag. Math., 3 (1992), 323-335. 

[33] H. V. Ngai and M. Thera, Error bounds for systems of lower semicontinuous functions in Asplund 
spaces, Math. Program., Ser. B, 116 (2009), No.1-2, 397-427. 

[34] T. S. Pham, An explicit bound for the Lojasiewicz exponent of real polynomials, Kodai Mathematical 
Journal, 35 (2012), 311-319. 

[35] R. T. Rockafellar, R. Wets, Variational analysis, Grundlehren Math. Wiss., 317, Springer, New York, 
1998. 

[36] A. Seidenberg, A new decision method for elementary algebra, Ann. of Math. (2) 60, (1954), 365-374. 

[37] P. Solerno, Effective Lojasiewicz inequalities in semialgebraic geometry, Appl. Algebra Engrg. Comm. 
Comput., 2 (1991), 2-14. 

[38] A. Tarski, Sur les ensembles definissables de nombres reels, Fund. Math. 17 (1931), 210-239. 

[39] A. Tarski, A decision method for elementary algebra and geometry, 2nd ed. University of California 
Press, Berkeley and Los Angeles, Calif., 1951. iii-|-63 pp. 

[40] S. Wakabayashi, Remarks on hyperbolic polynomials, Tsukuba J. Math. 10 no. 1, (1986) 17-28. 

^Institute of Mathematics, VAST, 18, Hoang Quoc Viet Road, Cau Giay District 10307, 
Hanoi, Vietnam 

E-mail address', dstiep@math.ac.vn 

^Department of Mathematics, University of Dalat, 1 Phu Dong Thien Vuong, Dalat, 
Vietnam 

E-mail address: sonpt@dlu.edu.vn 


25 


